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Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè Ââåäåíèå

Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Îñíîâíîå îòëè÷èå ÓÌÔ îò îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé � çàâèñèìîñòü

íåèçâåñòíîé ôóíêöèè îò ìíîãèõ ïåðåìåííûõ. Â ðåçóëüòàòå, â óðàâíåíèÿõ âîçíèêàþò

÷àñòíûå ïðîèçâîäíûå.

Ðàññìîòðèì îäíîìåðíûå íåñòàöèîíàðíûå óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà:

• Óðàâíåíèå ïåðåíîñà

• Âîëíîâîå óðàâíåíèå

• Ãèïåðáîëè÷åñêèå ñèñòåìû óðàâíåíèé
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Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè Ãèïåðáîëè÷åñêèå ñèñòåìû óðàâíåíèé

Ãèïåðáîëè÷åñêèå ñèñòåìû óðàâíåíèé

• Ãèïåðáîëè÷åñêèå ñèñòåìû óðàâíåíèé

∂u(t, x)

∂t
+ A

∂u(t, x)

∂x
= f, u =

u1
...

un

 , A =

a11 . . . a1n
...

. . .
...

an1 . . . ann


Äëÿ ãèïåðáîëè÷íîñòè òðåáóåòñÿ, ÷òîáû âñå ñîáñòâåííûå ÷èñëà λ(A) áûëè
äåéñòâèòåëüíûìè è ñóùåñòâîâàë áàçèñ èç ñîáñòâåííûõ âåêòîðîâ.
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Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè Ñêàëÿðíûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ

Óðàâíåíèå ïåðåíîñà è âîëíîâîå óðàâíåíèå

• Óðàâíåíèå ïåðåíîñà
∂ρ(t, x)

∂t
+ c

∂ρ(t, x)

∂x
= f

Óðàâíåíèå îïèñûâàåò ïåðåíîñ íåêîòîðîé âåëè÷èíû (íàïðèìåð, ïëîòíîñòè ρ(t, x)) ñî
ñêîðîñòüþ c .

• Âîëíîâîå óðàâíåíèå
∂2E (t, x)

∂t2
− c2

∂2E (t, x)

∂x2
= f

Óðàâíåíèå îïèñûâàåò ðàñïðîñòðàíåíèå ëèíåéíûõ âîëí (íàïðèìåð, ýëåêòðè÷åñêîãî

ïîëÿ E (t, x)) ïî ñðåäå ñî ñêîðîñòüþ c ïî âñåì íàïðàâëåíèÿì.
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Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè Ñêàëÿðíûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ

Âîëíîâîå óðàâíåíèå

Âîëíîâîå óðàâíåíèå
∂2E (t, x)

∂t2
− c2

∂2E (t, x)

∂x2
= f

ìîæíî ïðèâåñòè ê âèäó ãèïåðáîëè÷åñêîé ñèñòåìû â ïåðåìåííûõ u = ∂E
∂x , v = ∂E

∂t :

∂v

∂t
− c2

∂u

∂x
= f

∂u

∂t
− ∂v

∂x
= 0

Èëè â ìàòðè÷íîì âèäå

∂

∂t

(
u
v

)
+

(
0 −c2
−1 0

)
∂

∂x

(
u
v

)
=

(
f
0

)
Ëåãêî óáåäèòüñÿ, ÷òî λ(A) = ±c è ïîëíàÿ ñèñòåìà âåêòîðîâ èìååòñÿ.
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×èñëåííîå ðåøåíèå ÓÌÔ Ñåòêà

Ñåòêà

Äëÿ ïðåäñòàâëåíèÿ ÷èñëåííîãî ðåøåíèÿ òàê æå, êàê è â ñëó÷àå ÎÄÓ, íåîáõîäèìà ñåòêà.

Îòëè÷èå îò ÎÄÓ â òîì, ÷òî ñåòêà óæå íå îäíîìåðíàÿ, à ìíîãîìåðíàÿ. Íàïðèìåð, äëÿ

óðàâíåíèÿ â ïåðåìåííûõ (t, x) íåîáõîäèìà äâóìåðíàÿ ñåòêà (ïî âðåìåíè è ïðîñòðàíñòâó)

Ñîîòâåòñòâåííî, ñåòî÷íàÿ ôóíêöèÿ áóäåò èìåòü íåñêîëüêî èíäåêñîâ. Óñëîâèìñÿ unm
îáîçíà÷àòü çíà÷åíèå ñåòî÷íîé ôóíêöèè u íà âðåìåííîì ñëîå n â óçëå m:
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×èñëåííîå ðåøåíèå ÓÌÔ Øàáëîí ðàçíîñòíîé ñõåìû

Øàáëîí

Ïóñòü äëÿ âû÷èñëåíèÿ un+1
m òðåáóþòñÿ çíà÷åíèÿ ôóíêöèè u â íåñêîëüêèõ ñåòî÷íûõ óçëàõ.

Òîãäà ýòè óçëû âìåñòå ñ óçëîì (n + 1,m) îáðàçóþò øàáëîí ðàçíîñòíîé ñõåìû.

Øàáëîí ÷àñòî èçîáðàæàþò ãðàôè÷åñêè, íàïðèìåð äëÿ ñõåìû ¾ÿâíûé ëåâûé óãîëîê¿

øàáëîí âûãëÿäèò òàê:

Íåêîòîðûå âûâîäû î ðàçíîñòíîé ñõåìå ìîæíî ñäåëàòü èçó÷èâ òîëüêî åå øàáëîí.
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×èñëåííîå ðåøåíèå ÓÌÔ Óñëîâèå Êóðàíòà-Ôðèäðèõñà-Ëåâè

Îáëàñòü çàâèñèìîñòè ðåøåíèÿ ðàçíîñòíîé çàäà÷è

Âûáåðåì óçåë ñåòêè (n + 1,m). Îòìåòèì âñå óçëû ñåòêè, êîòîðûå íóæíû äëÿ âû÷èñëåíèÿ

un+1
m . Ìû ïîëó÷èì øàáëîí ðàçíîñòíîé ñõåìû. Ê êàæäîìó íîâîìó óçëó ñíîâà ïðèìåíèì òó

æå ïðîöåäóðó. Â ðåçóëüòàòå ïîëó÷èòñÿ íåêîòîðûé êîíóñ � îáëàñòü çàâèñèìîñòè ðåøåíèÿ

ðàçíîñòíîé çàäà÷è

Âñå óçëû, êîòîðûå íå ïîïàëè â ýòîò êîíóñ, íå ìîãóò âëèÿòü íà ðåøåíèå â óçëå (n + 1,m).
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×èñëåííîå ðåøåíèå ÓÌÔ Óñëîâèå Êóðàíòà-Ôðèäðèõñà-Ëåâè

Îáëàñòü çàâèñèìîñòè ðåøåíèÿ äèôô. çàäà÷è

Âñå óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà èìåþò õàðàêòåðèñòèêè. Åñëè èç òî÷êè tn+1, xm
âûïóñòèòü âñå õàðàêòåðèñòèêè, òî îáëàñòü îò ñàìîé ëåâîé äî ñàìîé ïðàâîé

õàðàêòåðèñòèêè áóäåò îáëàñòüþ çàâèñèìîñòè ðåøåíèÿ äèôôåðåíöèàëüíîé çàäà÷è

Íàïðèìåð, óðàâíåíèå ïåðåíîñà
∂u

∂t
+ c

∂u

∂x
= 0

èìååò òîëüêî îäíó õàðàêòåðèñòèêó x − ct = const.
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×èñëåííîå ðåøåíèå ÓÌÔ Óñëîâèå Êóðàíòà-Ôðèäðèõñà-Ëåâè

Óñëîâèå Êóðàíòà-Ôðèäðèõñà-Ëåâè

Åñëè îáëàñòü çàâèñèìîñòè ðåøåíèÿ äèôôåðåíöèàëüíîé çàäà÷è íå ñîäåðæèòñÿ öåëèêîì â

îáëàñòè çàâèñèìîñòè ðåøåíèÿ ðàçíîñòíîé çàäà÷è, òî ðåøåíèå ðàçíîñòíîé çàäà÷è íå

ìîæåò ñõîäèòüñÿ ê ðåøåíèþ äèôôåðåíöèàëüíîé.

Äåéñòâèòåëüíî, èçìåíèì ðåøåíèå â òîé ÷àñòè îáëàñòè, êîòîðàÿ ëåæèò â îáëàñòè

çàâèñèìîñòè äèôôåðåíöèàëüíîé çàäà÷è, íî êîòîðàÿ íå ëåæèò â îáëàñòè çàâèñèìîñòè

ðàçíîñòíîé çàäà÷è. Ðåøåíèå ðàçíîñòíîé çàäà÷è ïðè ýòîì íå èçìåíèòñÿ, à

äèôôåðåíöèàëüíîé � èçìåíèòñÿ. Òàêîå ïîâåäåíèå íå çàâèñèò îò âûáîðà ìåëêîñòè ñåòêè

(ïðè óñëîâèè ñîõðàíåíèÿ ïðîïîðöèé ìåæäó τ è h), ñëåäîâàòåëüíî ñõîäèìîñòü íå
âîçìîæíà.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå àïïðîêñèìàöèè

Àïïðîêñèìàöèÿ

Èçó÷åíèå àïïðîêñèìàöèè, êàê è äëÿ ÎÄÓ, ïðîèçâîäèòñÿ ïðè ïîìîùè ïîäñòàíîâêè â

ðàçíîñòíóþ çàäà÷ó ïðîåêöèè òî÷íîãî ðåøåíèÿ y(t, x)

unm = [y ]nm

Ïðè ýòîì â ðàçíîñòíîì óðàâíåíèè ïîÿâèòñÿ íåâÿçêà δnm. Íåâÿçêà âû÷èñëÿåòñÿ ïóòåì
ïîäñòàíîâêè âìåñòî [y ]n

′
m′ ðàçëîæåíèÿ â ðÿä Òåéëîðà îòíîñèòåëüíî íåêîòîðîé òî÷êè

(tn, xm).
Ïîñêîëüêó ðàçëîæåíèå â ðÿä Òåéëîðà ïðîèçâîäèòñÿ óæå ôóíêöèè ìíîãèõ ïåðåìåííûõ,

æåëàòåëüíî âûïèñûâàòü ðàçëîæåíèå â ðÿä Òåéëîðà îòíîñèòåëüíî òî÷êè íà ïåðåñå÷åíèè

ëèíèé øàáëîíà, ïðè ýòîì èç ðÿäà Òåéëîðà èñ÷åçàþò ñìåøàííûå ïðîèçâîäíûå.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå àïïðîêñèìàöèè

Íåêîòîðûå ñõåìû äëÿ óðàâíåíèÿ ïåðåíîñà

• ßâíûé ëåâûé óãîëîê
un+1
m − unm

τ
+ c

unm − unm−1
h

= f nm

• ßâíûé ïðàâûé óãîëîê
un+1
m − unm

τ
+ c

unm+1
− unm
h

= f nm

• Ñõåìà ñ öåíòðàëüíîé ðàçíîñòüþ

un+1
m − unm

τ
+ c

unm+1
− unm−1
2h

= f nm

• Ñõåìà Ëàêñà
un+1
m − 1

2

(
unm−1 + unm+1

)
τ

+ c
unm+1

− unm−1
2h

= f nm
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå àïïðîêñèìàöèè

ßâíûé ëåâûé óãîëîê

Ïîäñòàâèì ðàçëîæåíèÿ

[y ]n+1
m = [y ]nm + τ [yt ]

n
m +

τ2

2
[ytt ]

n
m + O(τ3)

[y ]nm±1 = [y ]nm ± h[yx ]
n
m +

h2

2
[yxx ]

n
m ±

h3

6
[yxxx ]

n
m +

h4

24
[yxxxx ]

n
m + O(h5)

â ñõåìó ÿâíûé ëåâûé óãîëîê

[yt ]
n
m +

τ

2
[ytt ]

n
m + O(τ2) + c

(
[yx ]

n
m −

h

2
[yxx ]

n
m + O(h2)

)
= f nm + δ

([yt ]
n
m + c[yx ]

n
m − f nm) +

τ

2
[ytt ]

n
m + O(τ2)− c

(
h

2
[yxx ]

n
m + O(h2)

)
= δ

δ =
τ

2
[ytt ]

n
m −

ch

2
[yxx ]

n
m + O(τ2 + h2) = O(τ + h)

Ñõåìà èìååò ïåðâûé ïîðÿäîê àïïðîêñèìàöèè ïî âðåìåíè è ïðîñòðàíñòâó.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå àïïðîêñèìàöèè

Ñõåìà ñ öåíòðàëüíîé ðàçíîñòüþ

Ïîäñòàâèì ðàçëîæåíèÿ

[y ]n+1
m = [y ]nm + τ [yt ]

n
m +

τ2

2
[ytt ]

n
m + O(τ3)

[y ]nm±1 = [y ]nm ± h[yx ]
n
m +

h2

2
[yxx ]

n
m ±

h3

6
[yxxx ]

n
m +

h4

24
[yxxxx ]

n
m + O(h5)

Â ñõåìó ñ öåíòðàëüíîé ðàçíîñòüþ

[yt ]
n
m +

τ

2
[ytt ]

n
m + O(τ2) + c

(
[yx ]

n
m +

h2

6
[yxxx ]

n
m + O(h4)

)
= f nm + δ

([yt ]
n
m + c[yx ]

n
m − f nm) +

τ

2
[ytt ]

n
m + O(τ2) + c

(
h2

6
[yxxx ]

n
m + O(h4)

)
= δ

δ =
τ

2
[ytt ]

n
m +

ch2

6
[yxxx ]

n
m + O(τ2 + h4) = O(τ + h2)

Ñõåìà èìååò ïåðâûé ïîðÿäîê àïïðîêñèìàöèè ïî âðåìåíè è âòîðîé ïî ïðîñòðàíñòâó.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå àïïðîêñèìàöèè

Ñõåìà Ëàêñà

Ïîäñòàâèì ðàçëîæåíèÿ

[y ]n+1
m = [y ]nm + τ [yt ]

n
m +

τ2

2
[ytt ]

n
m + O(τ3)

[y ]nm = [y ]nm ± h[yx ]
n
m +

h2

2
[yxx ]

n
m ±

h3

6
[yxxx ]

n
m +

h4

24
[yxxxx ]

n
m + O(h5)

Â ñõåìó Ëàêñà

[yt ]
n
m +

τ

2
[ytt ]

n
m + O(τ2) +

h2

2τ
[yxx ]

n
m + O

(
h4

τ

)
+

+ c

(
[yx ]

n
m +

h2

6
[yxxx ]

n
m + O(h4)

)
= f nm + δ

([yt ]
n
m + c[yx ]

n
m − f nm) +

τ

2
[ytt ]

n
m + O(τ2) +

h2

2τ
[yxx ]

n
m + O

(
h4

τ

)
+

+ c

(
h2

6
[yxxx ]

n
m + O(h4)

)
= δ
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå àïïðîêñèìàöèè

Ñõåìà Ëàêñà

Äëÿ ñõåìû Ëàêñà

δ =
τ

2
[ytt ]

n
m +

h2

2τ
[yxx ]

n
m + c

h2

6
[yxxx ]

n
m + O

(
τ2 +

h4

τ
+ h4

)
δ = O

(
τ +

h2

τ
+ h2

)
= O

(
τ +

h2

τ

)
Àïïðîêñèìàöèÿ ñõåìû çàâèñèò îò ñîîòíîøåíèÿ ìåæäó τ è h. Íàïðèìåð, åñëè τ = O(h),
òî ñõåìà èìååò ïåðâûé ïîðÿäîê ïî ïðîñòðàíñòâó è âðåìåíè, à åñëè τ = O(h2), òî îøèáêà
àïïðîêñèìàöèè O(1), òî åñòü àïïðîêñèìàöèè íåò. Åñòü àïïðîêñèìàöèÿ äðóãîãî óðàâíåíèÿ

∂u

∂t
+ c

∂u

∂x
= µ

∂2u

∂x2
,

ãäå µ = lim
τ,h→0

h2

2τ .
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Óñòîé÷èâîñòü

Èññëåäóåì ëåâûé óãîëîê íà óñòîé÷èâîñòü. Èç óñëîâèÿ ÊÔË ìîæíî ñðàçó ñêàçàòü, ÷òî ïðè
cτ
h > 1 èëè cτ

h < 0 óñòîé÷èâîñòè íå áóäåò, òàê êàê íåò ñõîäèìîñòè, à àïïðîêñèìàöèÿ åñòü.

(Èíà÷å ïî òåîðåìå Ðÿáåíüêîãî àïïðîêñèìàöèÿ + óñòîé÷èâîñòü = ñõîäèìîñòü).

×òîáû ïðîèçâîäèòü ðàñ÷åòû ïî ñõåìå ¾ëåâûé óãîëîê¿ íåîáõîäèìû åùå äàííûå íà ëåâîé

ãðàíèöå è íà íà÷àëüíîì ñëîå ïî âðåìåíè

u0m = ϕm

un0 = ψn
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Óñòîé÷èâîñòü

Ïåðåïèøåì ñõåìó â âèäå

un+1
m = unm +

cτ

h

(
unm−1 − unm

)
+ τ f nm, m = 1,M

un+1
m =

[
1− cτ

h

]
unm +

cτ

h
unm−1 + τ f nm, m = 1,M

|un+1
m | 6

∣∣∣1− cτ

h

∣∣∣ |unm|+ ∣∣∣cτh ∣∣∣ |unm−1|+ τ |f nm|, m = 1,M

Ââîäÿ íîðìû

‖un‖ = max
m=0,M

|unm|, ‖u‖ = max
n=0,N

‖un‖,

ìîæíî çàïèñàòü

‖un+1‖ 6 max

{
|un+1

0
|,
(
1− cτ

h

)
max
m>0
|unm|+

cτ

h
max
m>0
|unm−1|+ τ‖f n‖

}
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Óñòîé÷èâîñòü

‖un+1‖ 6 max

{
|un+1

0
|,
(
1− cτ

h

)
max
m>0
|unm|+

cτ

h
max
m>0
|unm−1|+ τ‖f n‖

}
Îöåíèâ max

m>0
|unm−1| 6 ‖un‖,max

m>0
|unm| 6 ‖un‖

‖un+1‖ 6 max{|ψn+1|, ‖un‖+ τ‖f n‖} 6 max{|ψn+1|, ‖un‖}+ τ‖f ‖ 6
6 max{|ψn+1|, |ψn|, ‖un−1‖}+ 2τ‖f ‖ 6 · · · 6 max{‖ψ‖, ‖ϕ‖}+ T‖f ‖

Ïîëó÷àåì

‖u‖ 6 ‖ψ‖+ ‖ϕ‖+ T‖f ‖

Ýòî äîêàçûâàåò óñòîé÷èâîñòü çàäà÷è ïî ïðàâîé ÷àñòè, íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Ìîíîòîííûå ñõåìû

Îêàçûâàåòñÿ, åñëè ñõåìó ìîæíî ïðåäñòàâèòü â âèäå

un+1
m =

∑
µ

αµu
n
m+µ + O(τ),

ïðè÷åì âñå αµ > 0, òî äîêàçàòåëüñòâî óñòîé÷èâîñòè ïîëíîñòüþ àíàëîãè÷íî

äîêàçàòåëüñòâó óñòîé÷èâîñòè äëÿ ÿâíîãî ëåâîãî óãîëêà. Òàêèå ñõåìû íàçûâàþòñÿ

ìîíîòîííûìè. Ê ñîæàëåíèþ, ìîíîòîííûõ ñõåì âûøå ïåðâîãî ïîðÿäêà àïïðîêñèìàöèè íå

áûâàåò. Çàïèøåì ñõåìó Ëàêñà â òàêîé ôîðìå

un+1
m =

(
1

2
+

cτ

2h

)
unm−1 +

(
1

2
− cτ

2h

)
unm+1 + τ f nm

Ñõåìà ìîíîòîííà (à, çíà÷èò, óñòîé÷èâà) ïðè
∣∣ cτ
h

∣∣ 6 1, à ïðè íàðóøåíèè ýòîãî óñëîâèÿ

íåóñòîé÷èâà ïî óñëîâèþ ÊÔË.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Ñïåêòðàëüíûé ïðèçíàê

Äîêàçàòåëüñòâî óñòîé÷èâîñòè ïî îïðåäåëåíèþ áûâàåò äîâîëüíî ñëîæíîé çàäà÷åé. Â ýòîé

ñëó÷àå ìîæíî âîñïîëüçîâàòüñÿ ñïåêòðàëüíûì ïðèçíàêîì óñòîé÷èâîñòè. Õîòÿ îí è íå

ÿâëÿåòñÿ ñòðîãèì êðèòåðèåì, çà÷àñòóþ îí äàåò ïðàâèëüíûé ðåçóëüòàò.

Ñïåêòðàëüíûì ïðèçíàêîì ìîæíî èññëåäîâàòü òîëüêî çàäà÷ó Êîøè, òî åñòü çàäà÷ó áåç

ãðàíè÷íûõ óñëîâèé, òîëüêî ñ íà÷àëüíûìè. Ýòà çàäà÷à èññëåäóåòñÿ íà óñòîé÷èâîñòü

òîëüêî ïî íà÷àëüíûì äàííûì, âîçìóùåíèå ïðàâîé ÷àñòè âñåãäà ïîëàãàåòñÿ ðàâíûì 0. Èç

âñåõ âîçìîæíûõ âîçìóùåíèé íà÷àëüíûõ óñëîâèé èçó÷àþòñÿ òîëüêî âîçìóùåíèÿ âèäà

u0m = e iαm. Ïîñêîëüêó ëþáóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå èíòåãðàëà Ôóðüå,

òàêîå ñóæåíèå äîïóñòèìî.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Ñïåêòðàëüíûé ïðèçíàê äëÿ ñõåìû O(τ + h2)

Ðàññìîòðèì çàäà÷ó

un+1
m − unm

τ
+ c

unm+1
− unm−1
2h

= 0

u0m = e iαm

Íàéäåì u1m

u1m = u0m +
cτ

h

u0m+1
− u0m−1
2

= u0m

(
1+ i

cτ

h
sinα

)
Àíàëîãè÷íî,

unm =
(
1+ i

cτ

h
sinα

)n
e iαm

Ðåøåíèå òàêîé çàäà÷è ñ ïîñòîÿííûìè êîýôôèöèåíòàìè âñåãäà ìîæíî èñêàòü â âèäå

unm = λne iαm.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Ñïåêòðàëüíûé ïðèçíàê äëÿ ñõåìû O(τ + h2)

Íàéäåì íîðìó unm

‖u‖ = max
m

max
n=0,N

|λne iαm| = max
n=0,N

|λn| = max(1, |λ|N)

• Åñëè |λ| 6 1, òî ðåøåíèå îãðàíè÷åíî êîíñòàíòîé (C = 1), óìíîæåííîé íà

âîçìóùåíèå íà÷àëüíûõ óñëîâèé, òî åñòü çàäà÷à óñòîé÷èâà.

• Åñëè |λ| = 1+ Dτ , òî ðåøåíèå îãðàíè÷åíî êîíñòàíòîé (C = (1+ Dτ)T/τ 6 eDT ), òî

åñòü çàäà÷à òîæå óñòîé÷èâà. Îäíàêî, ÷åì áîëüøå êîíñòàíòà D, òåì ñèëüíåå

çàâèñèìîñòü âîçìóùåíèÿ ðåøåíèÿ îò âîçìóùåíèÿ íà÷àëüíûõ óñëîâèé, òåì ìåíåå

óñòîé÷èâà çàäà÷à.

• Åñëè |λ|−1τ →∞, òî çàäà÷à íåóñòîé÷èâà.

Äîâîëüíî ÷àñòî çàäà÷à ïîëàãàåòñÿ íåóñòîé÷èâîé ïðè |λ| > 1, õîòÿ ýòî íå ñîâñåì ñòðîãî.
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×èñëåííîå ðåøåíèå ÓÌÔ Èññëåäîâàíèå óñòîé÷èâîñòè

Ñïåêòðàëüíûé ïðèçíàê äëÿ ñõåìû O(τ + h2)

Ðàññìîòðèì ñõåìó ñ

λ = 1+ i
cτ

h
sinα

|λ| =
√
1+

c2τ2

h2
sin2 α > 1

Ïðè τ = O(h), |λ|−1
τ = O

(
1

τ

)
→∞. Ñõåìà íåóñòîé÷èâà.

Ïðè τ = µh2 = O(h2), |λ| =
√
1+ c2µτ sin2 α ≈ 1+ c2µ sin

2 α
2

τ 6 1+ c2µ
2
τ . Ñõåìà

óñòîé÷èâà ñ êîíñòàíòîé C = e
c2µT
2 . ×åì áîëüøå µ, òåì áîëüøå êîíñòàíòà óñòîé÷èâîñòè

(òåì õóæå óñòîé÷èâîñòü).
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Ñïàñèáî çà âíèìàíèå!

Öûáóëèí Èâàí

e-mail: tsybulin@crec.mipt.ru

mailto:tsybulin@crec.mipt.ru
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