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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Êðàåâàÿ çàäà÷à äëÿ ñèñòåìû ÎÄÓ

Êðàåâàÿ çàäà÷à äëÿ ñèñòåìû ÎÄÓ

Â îòëè÷èå îò çàäà÷è Êîøè, óñëîâèÿ, ïîçâîëÿþùèå çàôèêñèðîâàòü êîíêðåòíîå ðåøåíèå

óðàâíåíèÿ ñòàâÿòñÿ íà îáîèõ êîíöàõ îòðåçêà:
dy(x)

dx
= G(x , y(x)), x ∈ [a, b]

fi (y(a)) = 0, i = 1, 2, . . . , r

fi (y(b)) = 0, i = r + 1, r + 2, . . . , n

Òðåáóåòñÿ íàéòè ðåøåíèå y(x) ïðè x ∈ [a, b]
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Êðàåâàÿ çàäà÷à äëÿ ñèñòåìû ÎÄÓ

Ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû

Â ëèíåéíîì ñëó÷àå ïðàâàÿ ÷àñòü ñèñòåìû ïðåäñòàâëÿåòñÿ â âèäå

G(x , y(x)) = A(x)y(x) + f(x),

à êðàåâûå óñëîâèÿ � â âèäå

fi (y) = `Ti y − αi = 0
dy(x)

dx
= A(x)y(x) + f(x), x ∈ [a, b]

`Ti y(a) = αi , i = 1, 2, . . . , r

`Ti y(b) = αi , i = r + 1, r + 2, . . . , n
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Îáùåå ðåøåíèå

Ëèíåéíîñòü óðàâíåíèÿ ïîçâîëÿåò èñêàòü ðåøåíèå â âèäå ñóììû ÷àñòíîãî ðåøåíèÿ

íåîäíîðîäíîé çàäà÷è è îáùåãî ðåøåíèÿ îäíîðîäíîé.

y(x) = y÷àñòí(x) +
n∑

k=1

Ckyk(x)

Çäåñü y÷àñòí � ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ, yk � k-å ðåøåíèå îäíîðîäíîãî
óðàâíåíèÿ.
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ñâåäåíèå ê çàäà÷àì Êîøè

Äëÿ ÷èñëåííîãî ïîñòðîåíèÿ yi ìîæíî ÷èñëåííî ðåøàòü çàäà÷è Êîøè.{
y′i (x) = A(x)yi (x)

yi (0) = ei = (0, . . . , 0, 1, 0, . . . , 0)T

n òàêèõ ðåøåíèé îáðàçóþò ëèíåéíî íåçàâèñèìóþ ñèñòåìó ðåøåíèé îäíîðîäíîé ñèñòåìû.

Äëÿ îïðåäåëåíèÿ ÷àñòíîãî ðåøåíèÿ òàêæå ÷èñëåííî ðåøèì çàäà÷ó Êîøè ñ íóëåâûìè

íà÷àëüíûìè óñëîâèÿìè: {
y′÷àñòí(x) = A(x)y÷àñòí(x) + f(x)

y÷àñòí(0) = 0
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Íàõîæäåíèå íóæíîãî ðåøåíèÿ

Òåïåðü ó íàñ åñòü îáùåå ðåøåíèå, êîòîðîå ìîæíî ñîñòàâèòü èç óæå èçâåñòíûõ ñåòî÷íûõ

ôóíêöèé yi , y÷àñòí:

y(x) =
n∑

k=1

Ckyk + y÷àñòí

Ïîäñòàâëÿÿ ýòî ðåøåíèå â êðàåâûå óñëîâèÿ

`Ti y(a) = αi , i = 1, 2, . . . , r

`Ti y(b) = αi , i = r + 1, r + 2, . . . , n

ïîëó÷àåì ñèñòåìó èç n ëèíåéíûõ óðàâíåíèé íà n íåèçâåñòíûõ Ck . Ïîñëå îïðåäåëåíèÿ Ck

ðåøåíèå ïîëó÷àåòñÿ èç âåðõíåé ôîðìóëû.
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ýôôåêòèâíîå ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ðàíåå ìû ñòðîèëè îáùåå ðåøåíèå, èãíîðèðóÿ êðàåâûå óñëîâèÿ ïîëíîñòüþ. Ïðè ýòîì

îáùåå ðåøåíèå ñîäåðæàëî n êîíñòàíò è òðåáîâàëî ðåøåíèÿ n + 1 çàäà÷è Êîøè.

Ïîêàæåì, êàê ìîæíî îáîéòèñü ìåíüøèì êîëè÷åñòâîì. Ðàññìîòðèì çàäà÷ó

y′(x) = A(x)y(x) + f(x), x ∈ [0, 1]

L−i y(0) = α−i , i = 1, 2

L+i y(1) = α+
i , i = 3, 4, 5

ãäå

L− =

(
0 1 2 0 1

0 0 0 0 1

)
α− =

(
1

2

)

L+ =

0 0 1 0 1

1 0 0 0 1

0 0 0 1 1

 α+ =

12
3
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì íà îäíîé èç ãðàíèö

Íàéäåì ðåøåíèå y(1) èç ñèñòåìû (ïîëóæèðíûì âûäåëåíû áàçèñíûå ñòîëáöû)0 0 1 0 1

1 0 0 0 1

0 0 0 1 1

 y(1) =

12
3


Ðåøåíèå áóäåò ñîäåðæàòü äâå êîíñòàíòû, ïîñêîëüêó ñèñòåìà èìååò ðàíã 3, à íåèçâåñòíûõ

â íåé 5.

y(1) =


2

0

1

3

0

+ C1


0

1

0

0

0

+ C2


1

1

1

1

−1


Çàìåòèì, ÷òî åñëè íàõîäèòü ðåøåíèå ñèñòåìû äëÿ y(0), òî íåèçâåñòíûõ êîíñòàíò áóäåò 3
(ðàíã ñèñòåìû ðàâåí 2).
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ñâåäåíèå ê çàäà÷àì Êîøè

Òåïåðü, êîãäà y(1) íàéäåí

y(1) =


2

0

1

3

0

+ C1


0

1

0

0

0

+ C2


1

1

1

1

−1

 = v÷àñòí + C1v1 + C2v2

ìîæíî ðåøàòü çàäà÷è Êîøè ñ óñëîâèÿìè, çàäàííûìè ñïðàâà. Âñåãî íåîáõîäèìî ðåøèòü 3

çàäà÷è Êîøè � îäíó íåîäíîðîäíóþ ñ íà÷àëüíûì óñëîâèåì y(1) = v÷àñòí è äâå

îäíîðîäíûå ñ íà÷àëüíûìè óñëîâèÿìè y(1) = v1,2
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ñâåäåíèå ê çàäà÷àì Êîøè

Â êà÷åñòâå ÷àñòíîãî ðåøåíèÿ ìîæíî âçÿòü ðåøåíèÿ ñëåäóþùåé íåîäíîðîäíîé çàäà÷è

Êîøè: y
′
÷àñòí = A(x)y÷àñòí + f(x)

y÷àñòí(1) =
(
2 0 1 3 0

)T
à îäíîðîäíûå ðåøåíèå ïîëó÷àþòñÿ èç ñëåäóþùèõ îäíîðîäíûõ çàäà÷ Êîøèy

′
1
= A(x)y1

y1(1) =
(
0 1 0 0 0

)T
y
′
2
= A(x)y2

y2(1) =
(
0 1 0 0 0

)T
Îáùåå ðåøåíèå, óäîâëåòâîðÿþùåå óðàâíåíèþ è ïðàâûì ãðàíè÷íûì óñëîâèÿì òåïåðü

âûãëÿäèò â âèäå

y(x) = y(x) + C1y1(x) + C2y2(x)

×òîáû åãî ïîëó÷èòü ïðèøëîñü ðåøèòü 3 çàäà÷è Êîøè, ÷òî âäâîå ýôôåêòèâíåå

ïðåäûäóùåãî ñïîñîáà.
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Çàìå÷àíèå î çàäà÷àõ Êîøè, ðåøàåìûõ ñïðàâà íàëåâî

Ðàíåå ìû èìåëè äåëî òîëüêî ñ çàäà÷àìè Êîøè, êîòîðûå ðåøàëèñü ñëåâà íàïðàâî. Íóæíî

áûòü àêêóðàòíûì ïðè çàïèñè ìåòîäîâ èíòåãðèðîâàíèÿ ñïðàâà-íàëåâî, ïîñêîëüêó ïåðâàÿ

òî÷êà, â êîòîðîé èçâåñòíî ðåøåíèå (íà÷àëüíîå óñëîâèå) èìååò íîìåð N, à íàõîæäåíèå
íîâûõ çíà÷åíèé ñåòî÷íîé ôóíêöèè ïðîèçâîäèòñÿ îò áîëüøèõ íîìåðîâ ê ìåíüøèì. Èíûìè

ñëîâàìè, íàïðèìåð, ìåòîäû Ðóíãå-Êóòòû ïðè èíòåãðèðîâàíèè ñïðàâà-íàëåâî ïîçâîëÿþò

ïî ðåøåíèþ â òî÷êå n íàéòè ðåøåíèå â òî÷êå n − 1.

Ïðèìåð ÿâíûõ ìåòîäîâ ñðåäíåé òî÷êè, ðåøàþùèõ çàäà÷ó Êîøè ñïðàâà íàëåâî è ñëåâà

íàïðàâî: 
un − un−1/2

h
= G(xn,un)

un − un−1
h

= G
(
xn − h

2
,un−1/2

)
uN = y(1)


un+1/2 − un

h
= G(xn,un)

un+1 − un

h
= G

(
xn +

h
2
,un+1/2

)
u0 = y(0)
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ñîïðÿæåííîãî îïåðàòîðà

Ìåòîä ïåðåãîíêè óñëîâèé

Ñóùåñòâóåò è äðóãîé ñïîñîá ðåøåíèÿ ëèíåéíîé êðàåâîé çàäà÷è äëÿ ñèñòåìû. Çàêëþ÷àåòñÿ

îí â òîì, ÷òî êðàåâûå óñëîâèÿ ïåðåãîíÿþòñÿ ñ îäíîãî êîíöà îòðåçêà íà äðóãîé.

Ðàññìîòðèì óñëîâèå `Ti (x)y(x) = αi (x), êîòîðîå â òî÷êå x = a ïðåâðàùàåòñÿ â êðàåâîå
óñëîâèå `Ti y(a) = αi . Ìû õîòèì òàê ïîäîáðàòü ôóíêöèè `i (x) è αi (x), ÷òîáû îíè ÿâíî íå

çàâèñåëè îò ðåøåíèÿ. Ïðè ýòîì, îêàçûâàåòñÿ, ÷òî îíè ÿâëÿþòñÿ ðåøåíèåì ñëåäóþùåé

çàäà÷è Êîøè: 
`′i (x) = −AT`i (x) x ∈ [a, b]

α′i (x) = `Ti (x)f(x)

`i (a) = `i

αi (a) = αi
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Ëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ñîïðÿæåííîãî îïåðàòîðà

Ïîëíàÿ ñèñòåìà óñëîâèé ñïðàâà

Ïîñëå òîãî, êàê âñå óñëîâèÿ ñëåâà ïåðåãíàíû íàïðàâî, ãäå îíè âûãëÿäÿò êàê

`Ti (b)y(b) = αi (b), i = 1, 2, . . . , r ,

îíè îáðàçóþò âìåñòå ñ ïðàâûìè óñëîâèÿìè

`Ti y(b) = αi , i = r + 1, r + 2, . . . , n

ïîëíóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî y(b). Äàëåå, îñòàåòñÿ òîëüêî ðåøèòü
çàäà÷ó Êîøè ñïðàâà íàëåâî

dy(x)

dx
= A(x)y(x) + f(x), x ∈ [a, b]

y(b) = ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé ñïðàâà
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ÎÄÓ 2ãî ïîðÿäêà

Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà ÷àñòî âîçíèêàåò â ñëåäóþùåé ôîðìå Øòóðìà-Ëèóâèëëÿ

(ñ÷èòàåì, ÷òî p(x) > 0) 
d

dx
[p(x)y ′(x)]− q(x)y(x) = f (x)

α1y(a) + β1y
′(a) = γ1

α2y(b) + β2y
′(b) = γ2

Ðåæå ðàññìàòðèâàþò êðàåâûå çàäà÷è âèäà
y ′′(x) + r(x)y ′(x)− q(x)y(x) = f (x)

α1y(a) + β1y
′(a) = γ1

α2y(b) + β2y
′(b) = γ2
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Ìåòîä ïðîãîíêè

Ââåäåì íà îòðåçêå [a, b] ñåòêó ñ øàãîì h: xm = a+mh. Ðàññìîòðèì ðàçíîñòíóþ

àïïðîêñèìàöèþ êðàåâîé çàäà÷è
p
(
xm+1/2

) um+1 − um
h

− p
(
xm−1/2

) um − um−1
h

h
− q(xm)um = f (xm)

α1u0 + β1
u1 − u0

h
= γ1

α2uM + β2
uM − uM−1

h
= γ2

Ýòî ñèñòåìà ëèíåéíûõ óðàâíåíèé ñ M + 1 íåèçâåñòíîé M + 1 óðàâíåíèåì, ïðè÷åì â m-îì
óðàâíåíèè ïðèñóòñòâóþò òîëüêî íåèçâåñòíûå um−1, um, um+1. Äëÿ ýòîé òðåõäèàãîíàëüíîé

ñèñòåìû ìîæíî ïðèìåíèòü ìåòîä ïðîãîíêè.
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Óñòîé÷èâîñòü

Âûïèøåì îòäåëüíî m-îå óðàâíåíèå

p
(
xm+1/2

) um+1 − um
h

− p
(
xm−1/2

) um − um−1
h

h
− q(xm)um = f (xm)

Äîìíîæèì åãî íà h2 (äëÿ êðàòêîñòè pj = p(xj), f è q àíàëîãè÷íî):

pm+1/2um+1 −
[
pm+1/2 + pm−1/2 + h2qm

]
um + pm−1/2um−1 = h2fm

Åñëè q(x) > 0, òî íà ãëàâíîé äèàãîíàëè ìàòðèöû ñòîÿò ýëåìåíòû, ïî ìîäóëþ

ïðåâîñõîäÿùèå ñóììó ìîäóëåé âíåäèàãîíàëüíûõ. Åñëè â êðàåâûõ óñëîâèÿõ òàêæå èìååòñÿ

äèàãîíàëüíîå ïðåîáëàäàíèå, òî ïðîãîíêà áóäåò ãàðàíòèðîâàíî óñòîé÷èâà.

Äëÿ òàêèõ çàäà÷ ìåòîä ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ðàáîòàåò ïëîõî èç-çà ïëîõî

îáóñëîâëåííîé ëèíåéíîé ñèñòåìû äëÿ Ck .
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Àïïðîêñèìàöèÿ

Ðàññìîòðèì àïïðîêñèìàöèþ îïåðàòîðà [p(x)y ′(x)]′:

p
(
xm+1/2

) um+1 − um
h

− p
(
xm−1/2

) um − um−1
h

h

Ðàçíîñòü um+1−um
h àïïðîêñèìèðóåò y ′(xm+1/2) ñî âòîðûì ïîðÿäêîì, òàê êàê äëÿ òî÷êè

xm+1/2 òî÷êè m è m + 1 ðàñïîëîæåíû ñèììåòðè÷íî. Àíàëîãè÷íî, um−um−1
h àïïðîêñèìèðóåò

y ′(xm−1/2) ñî âòîðûì ïîðÿäêîì. Òî åñòü, âûðàæåíèÿ

p
(
xm+1/2

) um+1 − um
h

p
(
xm−1/2

) um − um−1
h

ÿâëÿþòñÿ àïïðîêñèìàöèÿìè âòîðîãî ïîðÿäêà âåëè÷èíû p(x)y ′(x) â òî÷êàõ xm+1/2 è xm−1/2
ñîîòâåòñòâåííî. Èõ öåíòðàëüíàÿ ðàçíîñòü àïïðîêñèìèðóåò [p(x)y ′(x)]′ â òî÷êå xm òàêæå

ñî âòîðûì ïîðÿäêîì.
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Àïïðîêñèìàöèÿ êðàåâîé çàäà÷è â äðóãîé ôîðìå

Äëÿ óðàâíåíèÿ â ôîðìå

y ′′(x) + r(x)y ′(x)− q(x)y(x) = f (x)

Àïïðîêñèìàöèÿ âòîðîãî ïîðÿäêà ïîëó÷àåòñÿ ïðèìåíåíèåì ôîðìóë âòîðîãî ïîðÿäêà äëÿ

ïåðâîé è âòîðîé ïðîèçâîäíûõ:

un+1 − 2un + un−1
h2

+ r(xn)
un+1 − un−1

2h
− q(xn)un = f (xn)

Â ýòîì ñëó÷àå òàêæå ïîëó÷àåòñÿ òðåõäèàãîíàëüíàÿ ñèñòåìà, íî ñ äðóãèìè

êîýôôèöèåíòàìè:(
1− hr(xn)

2

)
un−1 −

(
2+ h2q(xm)

)
um +

(
1+

hr(xn)

2

)
un+1 = f (xm)

Äèàãîíàëüíîå ïðåîáëàäàíèå áóäåò âîçìîæíî ëèøü ïðè âûïîëíåíèè óñëîâèÿ

hmax |r(x)| < 2.
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Àïïðîêñèìàöèÿ êðàåâûõ óñëîâèé

Âî âñåõ ñëó÷àÿõ àïïðîêñèìàöèÿ óðàâíåíèÿ áûëà âòîðîãî ïîðÿäêà, íî àïïðîêñèìàöèÿ

çàäà÷è â öåëîì îïðåäåëÿåòñÿ òàêæå ïîðÿäêîì àïïðîêñèìàöèè êðàåâûõ óñëîâèé.

Ïðîñòåéøèå àïïðîêñèìàöèè

αu0 + β
u1 − u0

h
= γ

îáëàäàþò ëèøü ïåðâûì ïîðÿäêîì (åñëè β 6= 0). Èñïîëüçîâàíèå ôîðìóë âòîðîãî ïîðÿäêà

äëÿ ïåðâîé ïðîèçâîäíîé ïîòðåáóåò èñïîëüçîâàíèÿ òðåõ òî÷åê u0, u1, u2, ÷òî íàðóøèò
òðåõäèàãîíàëüíîñòü ìàòðèöû.

Âûõîä ñîñòîèò â èñïîëüçîâàíèè ñàìîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ äëÿ ïîäíÿòèÿ

ïîðÿäêà äî âòîðîãî.

Öûáóëèí È.Â. Êðàåâàÿ çàäà÷à 19 / 37



Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Àïïðîêñèìàöèÿ êðàåâûõ óñëîâèé 2-ãî ïîðÿäêà

Èññëåäóåì êðàåâûå óñëîâèÿ íà àïïðîêñèìàöèþ: ïîäñòàâèì un = [y ]n, ãäå y � ðåøåíèå

äèôôåðåíöèàëüíîé çàäà÷è

α[y ]0 + β
[y ]1 − [y ]0

h
= γ + δ0

Íàéäåì îøèáêó àïïðîêñèìàöèè δ0, ïîäñòàâèâ ðàçëîæåíèå Òåéëîðà äëÿ
[y ]1 = [y ]0 + h[y ′]0 +

h2

2
[y ′′]0 + O(h3)

α[y ]0 + β

(
[y ′]0 +

h

2
[y ′′]0 + O(h2)

)
= γ + δ0

δ0 =
βh

2
[y ′′]0 + O(h2) = O(h)
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Êðàåâûå óñëîâèÿ âòîðîãî ïîðÿäêà

Äëÿ àïïðîêñèìàöèè êðàåâûõ óñëîâèé âîñïîëüçóåìñÿ ñëåäóþùèì òðþêîì: ïðîèíòåãðèðóåì

íà îòðåçêå [0, h] óðàâíåíèå ñ ôóíêöèåé ψ(x) = 1− x
h :

0 =

∫ h

0

{
(p(x)y ′(x))′ − q(x)y(x)− f (x)

}
ψ(x)dx =

= −p(0)y ′(0) + 1

h

∫ h

0

p(x)y ′(x)dx −
∫ h

0

(q(x)y(x) + f (x))ψ(x)dx

Ó÷òåì, ÷òî

1

h

∫ h

0

p(x)y ′(x)dx = p1/2y
′
(
h/2

)
+ O(h2) = p1/2

y(h)− y(0)

h
+ O(h2)∫ h

0

(q(x)y(x) + f (x))ψ(x)dx =
q(0)y(0) + f (0)

2
h + O(h3)
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Êðàåâûå óñëîâèÿ âòîðîãî ïîðÿäêà

Èòîãî,

p(a)y ′(a) = p

(
a+

h

2

)
y(a+ h)− y(a)

h
− q(a)y(a) + f (a)

2
h + O(h2)

Àíàëîãè÷íîå ñïðàâåäëèâî íà ïðàâîé ãðàíèöå:

p(b)y ′(b) = p

(
b − h

2

)
y(b)− y(b − h)

h
+

q(b)y(b) + f (b)

2
h + O(h2)

Ñîîòâåòñòâóþùèå ðàçíîñòíûå àïïðîêñèìàöèè êðàåâûõ óñëîâèé ñî âòîðûì ïîðÿäêîì

αy(a) + βy ′(a) = γ ∼ αu0 + β
p1/2
p0

u1 − u0
h

− β q0u0 + f0
2p0

h = γ

αy(b) + βy ′(b) = γ ∼ αuM + β
pM−1/2
pM

uM − uM−1
h

+ β
qMuM + fM

2pM
h = γ
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Êðàåâûå óñëîâèÿ âòîðîãî ïîðÿäêà

Ïîñòóïàÿ àíàëîãè÷íî äëÿ óðàâíåíèÿ âèäà

y ′′(x) + r(x)y ′(x)− q(x)y(x) = f (x)

ìîæíî óáåäèòüñÿ, ÷òî

y ′(a) =
y(a+ h)− y(a)

h

(
1+

r(a)h

2

)
− q(a)y(a) + f (a)

2
h + O(h2)

Ñîîòâåòñòâóþùèå ðàçíîñòíûå àïïðîêñèìàöèè êðàåâûõ óñëîâèé ñî âòîðûì ïîðÿäêîì

αy(a) + βy ′(a) = γ ∼ αu0 + β
u1 − u0

h

(
1+

hr0
2

)
− β

q0u0 + f0
2

h = γ

αy(b) + βy ′(b) = γ ∼ αuM + β
uM − uM−1

h

(
1− hrM

2

)
+ β

qMuM + fM
2

h = γ
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Ïðîâåðêà àïïðîêñèìàöèè

Ïðîöåäóðà ïîñòðîåíèÿ àïïðîêñèìàöèè êðàåâûõ óñëîâèé ãàðàíòèðóåò âòîðîé ïîðÿäîê.

Óáåäèìñÿ â ýòîì ïðîâåðêîé íåêîòîðûõ:

α[y ]M + β
pM−1/2
pM

[y ]M − [y ]M−1
h

+ βh
qM [y ]M + fM

2pM
= γ + δM

Ó÷òåì, ÷òî pM−1/2 = [p]M − h
2
[p′]M + O(h2), pM ≡ [p]M

δM =

(
β − βh

2[p]M
[p′]M + O(h2)

)(
[y ′]M −

h

2
[y ′′]M + O(h2)

)
+

+α[y ]M + βh
qM [y ]M + fM

2[p]M
− γ =(

α[y ]M + β[y ′]M − γ
)
− βh

2[p]M

(
[py ′′]M + [p′y ′]M − [qy + f ]M

)
+ O(h2)

Â ñèëó óðàâíåíèÿ è êðàåâîãî óñëîâèÿ, îøèáêà àïïðîêñèìàöèè ðàâíà O(h2)
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Êðàåâàÿ çàäà÷à âòîðîãî ïîðÿäêà Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Ïðîâåðêà àïïðîêñèìàöèè

α[y ]0 + β
[y ]1 − [y ]0

h

(
1+

hr0
2

)
− β q0[y ]0 + f0

2
h = γ + δ0

Ðàñêëàäûâàÿ [y ]1 ïî ôîðìóëå Òåéëîðà

[y ]1 = [y ]0 + h[y ′]0 +
h2

2
[y ′′]0 + O(h3),

ïîëó÷àåì

δ0 = α[y ]0 +

(
[y ′]0 +

h

2
[y ′′]0 + O(h2)

)(
β +

βhr0
2

)
− βh

2
[qy + f ]0 − γ =

=
(
α[y ]0 + β[y ′]0 − γ

)
+
βh

2

(
[y ′′]0 + r0[y

′]0 − q0[y ]0 − f0
)
+ O(h2)

Ïîñêîëüêó y(x) óäîâëåòâîðÿåò óðàâíåíèþ è êðàåâûì óñëîâèÿì, îøèáêà àïïðîêñèìàöèè

èìååò âåëè÷èíó O(h2).
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ñòðåëüáû

Ìåòîä ñòðåëüáû

Ïðÿìûõ ìåòîäîâ ðåøåíèÿ íåëèíåéíîé êðàåâîé çàäà÷è íåò. Âñå îíè òàê èëè èíà÷å

ÿâëÿþòñÿ èòåðàöèîííûìè.

Ñàìûé ïðîñòîé ìåòîä ðåøåíèÿ êðàåâîé çàäà÷è � ìåòîä ñòðåëüáû.

Ìåòîä ñòðåëüáû íà êàæäîì øàãå ðåøàåò íåêîòîðóþ çàäà÷ó Êîøè ñ öåëüþ ¾ïîïàñòü¿ â

ïðàâîå ãðàíè÷íîå óñëîâèå, êîððåêòèðóÿ íà÷àëüíûå äàííûå Êîøè. Ôàêòè÷åñêè, îí

ïîäáèðàåò íåäîñòàþùèå äàííûå íà ëåâîì êîíöå òàê, ÷òîáû ðåøåíèå óäîâëåòâîðÿëî

ïðàâûì ãðàíè÷íûì óñëîâèÿì. Ýòîò ìåòîä óñïåøíî ìîæåò èñïîëüçîâàòüñÿ è äëÿ ðåøåíèÿ

íåëèíåéíûõ ñïåêòðàëüíûõ çàäà÷.
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ñòðåëüáû

Ñâåäåíèå ê àëãåáðàè÷åñêîìó óðàâíåíèþ

Äëÿ çàäà÷è 
y ′′ = f (x , y , y ′)

y(a) = y0

y(b) = y1

áóäåì ðåøàòü çàäà÷ó Êîøè ñ ïàðàìåòðîì α
y ′′α = f (x , yα, y

′
α)

yα(a) = y0

y ′α(a) = α

Òðåáóåòñÿ ðåøèòü óðàâíåíèå yα(b) = y1 îòíîñèòåëüíî α. Ýòî ìîæíî ñäåëàòü, íàïðèìåð,
ìåòîäîì ñåêóùèõ. Íî íåîáõîäèìî ïîìíèòü, ÷òî êàæäîå âû÷èñëåíèå yα(b) ñòîèò îäíîãî
ðåøåíèÿ çàäà÷è Êîøè.
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ñòðåëüáû

Ïðèìåðû

Äëÿ áîëåå ñëîæíîé çàäà÷è 
y ′′ = f (x , y , y ′)

y(0) + 3y ′(0) = 5

y ′(1) = 6

ìîæíî ðåøàòü çàäà÷ó Êîøè ñ ïàðàìåòðîì α
y ′′α = f (x , yα, y

′
α)

yα(0) = 5− 3α

y ′α(0) = α

Òðåáóåòñÿ ðåøèòü óðàâíåíèå y ′α(1) = 6 îòíîñèòåëüíî α. Ìåòîä ñåêóùèõ äëÿ ýòîé çàäà÷è

áóäåò âûãëÿäåòü êàê

αn+1 = αn −
αn − αn−1

y ′αn
(1)− y ′αn−1(1)

(yαn(1)− 6)
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ëèíåàðèçàöèè (Íüþòîíà)

Ìåòîä ëèíåàðèçàöèè

Äëÿ ïðîñòîòû ïðèìåì êðàåâûå óñëîâèÿ ëèíåéíûìè, õîòÿ ýòî íå ïðèíöèïèàëüíî.
y ′′(x) = f (x , y(x), y ′(x))

α1y(a) + β1y
′(a) = γ1

α2y(a) + β2y
′(a) = γ2

Ìåòîä ëèíåàðèçàöèè ïîçâîëÿåò ðåøàòü íåëèíåéíóþ êðàåâóþ çàäà÷ó ïîñëåäîâàòåëüíî

ðåøàÿ âñïîìîãàòåëüíûå ëèíåéíûå çàäà÷è.

Òàê æå, êàê â ñëó÷àå íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, êîãäà íåëèíåéíàÿ ôóíêöèÿ â

òî÷êå çàìåíÿëàñü åå ëèíåéíûì ïðèáëèæåíèåì, íåëèíåéíàÿ êðàåâàÿ çàäà÷à çàìåíÿåòñÿ

ëèíåéíîé â îêðåñòíîñòè ïðèáëèæåííîãî ðåøåíèÿ ỹ(x).
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ëèíåàðèçàöèè (Íüþòîíà)

Óðàâíåíèå äëÿ ïîïðàâêè

Ïðåäïîëîæèì, ÷òî èìååòñÿ íåêîòîðîå ïðèáëèæåíèå ỹ(x) ê ðåøåíèþ çàäà÷è. Áóäåì èñêàòü

ðåøåíèå â âèäå y(x) = ỹ(x) + v(x). Ïðåäïîëîæèì, ÷òî v(x) - ìàëàÿ ïîïðàâêà. Òîãäà
âñåìè êðîìå ëèíåéíûõ ïî v(x) ÷ëåíàìè ôîðìóëû Òåéëîðà ìîæíî ïðåíåáðå÷ü.

f (x , y , y ′) ≈ f (x , ỹ , ỹ ′) + fy (x , ỹ , ỹ
′)v + fy ′(x , ỹ , ỹ

′)v ′

Ïîñëå òàêîé çàìåíû çàäà÷à ñòàíîâèòñÿ ëèíåéíîé êðàåâîé çàäà÷åé îòíîñèòåëüíî v(x):
v ′′ − fy ′(x , ỹ , ỹ

′)v ′ − fy (x , ỹ , ỹ
′)v = f (x , ỹ , ỹ ′)− ỹ ′′

α1v(a) + β1v
′(a) = γ1 − α1ỹ(a)− β1ỹ ′(a)

α2v(b) + β2v
′(b) = γ2 − α2ỹ(b)− β2ỹ ′(b)

Åñëè ỹ(x) óäîâëåòâîðÿåò èñõîäíûì êðàåâûì óñëîâèÿì, òî v(x) äîëæíà óäîâëåòâîðÿòü
òàêèì æå, íî îäíîðîäíûì óñëîâèÿì.
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ëèíåàðèçàöèè (Íüþòîíà)

Ïðèìåð

Ðàññìîòðèì ïðèìåð: 
y ′′(x) +

(
y ′(x)

)2 − sin y(x) = 0

y(0) = 1

y(1) + 5y ′(1) = 0

Ïóñòü ỹ � íåêîòîðîå íà÷àëüíîå ïðèáëèæåíèå. Ëèíåàðèçóåì çàäà÷ó â åãî îêðåñòíîñòè

y(x) = ỹ(x) + v(x)
v ′′(x) + 2ỹ ′(x)v ′(x)− v(x) cos ỹ(x) = −ỹ ′′(x)− (ỹ ′(x))2 + sin ỹ(x)

v(0) = 1− ỹ(0)

v(1) + 5v ′(1) = −ỹ(1)− 5ỹ ′(1)

Âîçüìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ỹ(x) = 1− x
6
. Ýòà ôóíêöèÿ óäîâëåòâîðÿåò

îáîèì êðàåâûì óñëîâèÿì.
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Íåëèíåéíàÿ êðàåâàÿ çàäà÷à Ìåòîä ëèíåàðèçàöèè (Íüþòîíà)

Çàäà÷à äëÿ ïîïðàâêè

Ïîäñòàâëÿÿ ỹ(x) = 1− x
6
â ëèíåàðèçîâàííîå óðàâíåíèå, ïîëó÷àåì çàäà÷ó:

v ′′(x)− 1

3
v ′(x)− v(x) cos

(
1− x

6

)
= sin

(
1− x

6

)
− 1

36

v(0) = 0

v(1) + 5v ′(1) = 0

Ïîëó÷åííîå ðåøåíèå v(x) èñïîëüçóåòñÿ äëÿ ¾èñïðàâëåíèÿ¿ íà÷àëüíîãî ïðèáëèæåíèÿ
˜̃y(x) = ỹ(x) + v(x). Ïîñëå ýòîãî ˜̃y(x) èñïîëüçóåòñÿ óæå êàê íà÷àëüíîå ïðèáëèæåíèå ê
y(x). Ðåøàåòñÿ íîâàÿ ëèíåéíàÿ çàäà÷à, ãäå âìåñòî ỹ(x) ïîäñòàâëÿåòñÿ óæå ïîëó÷åííàÿ
ôóíêöèÿ ˜̃y(x). Äàííûé ïðîöåññ ïîâòîðÿåòñÿ äî òåõ ïîð, ïîêà î÷åðåäíàÿ ïîïðàâêà v(x)
åùå âíîñèò ñóùåñòâåííûå èçìåíåíèÿ â ðåøåíèå, òî åñòü ïîêà íå îêàæåòñÿ max ‖v(x)‖ < ε.
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Îïðåäåëåíèå

Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

y′(x) = G(x , y(x))

íàçûâàåòñÿ æåñòêîé, åñëè ñïåêòð ìàòðèöû A(x) = ∂G
∂y ðàçáèâàåòñÿ íà 3 îáëàñòè

• Ìÿãêèé ñïåêòð: |λ| < `
• Æåñòêèé ïîëîæèòåëüíûé ñïåêòð: Re(λ) > L
• Æåñòêèé îòðèöàòåëüíûé ñïåêòð: Re(λ) < −L

ïðè L� `
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Ñïåêòð æåñòêîé êðàåâîé çàäà÷è

Ðåøåíèå êðàåâîé çàäà÷è - íåêîòîðàÿ ëèíåéíàÿ êîìáèíàöèÿ ðåøåíèé ñ ðàçëè÷íûìè λ,
ïðè÷åì ðåøåíèÿ ñ λ èç

• ìÿãêîãî ñïåêòðà - íåáîëüøèå ïî ìîäóëþ

• æåñòêîãî ïîëîæèòåëüíîãî ñïåêòðà - ðåçêî óáûâàþò âëåâî

• æåñòêîãî îòðèöàòåëüíîãî ñïåêòðà - ðåçêî óáûâàþò âïðàâî
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Ãðàíè÷íûå óñëîâèÿ äëÿ æåñòêîé êðàåâîé çàäà÷è

Ïóñòü â æåñòêîé îòðèöàòåëüíîé ÷àñòè ñïåêòðà íàõîäèòñÿ I− ñîáñòâåííûõ çíà÷åíèé,

ïðè÷åì ýòî ÷èñëî áîëüøå ÷èñëà ãðàíè÷íûõ óñëîâèé ñëåâà k . Ðåøåíèÿ èç æåñòêîé
îòðèöàòåëüíîé ÷àñòè ñïåêòðà áûñòðî óáûâàþò âïðàâî, è íà ïðàâîì êîíöå ïî ìîäóëþ

î÷åíü ìàëû (â eLT ðàç ìåíüøå ÷åì íà ëåâîì). Èç-çà ýòîãî, èõ âêëàä â ãðàíè÷íûå

óðàâíåíèÿ íà ïðàâîì êîíöå ïðàêòè÷åñêè íóëåâîé (ïîðÿäêà îøèáîê îêðóãëåíèÿ).

Èçìåíåíèå êîýôôèöèåíòîâ ïðè ýòèõ ðåøåíèÿõ ïðàêòè÷åñêè íå ïîâëèÿåò íà ïðàâûå

ãðàíè÷íûå óñëîâèÿ, ïîýòîìó êîýôôèöèåíòû ìîæíî íàäåæíî íàéòè òîëüêî èç ëåâûõ

ãðàíè÷íûõ óñëîâèé. À ëåâûõ ãðàíè÷íûõ óñëîâèé íåäîñòàòî÷íî, ÷òîáû íàéòè âñå

êîýôôèöèåíòû ïðè óáûâàþùèõ âïðàâî ðåøåíèÿõ.
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Íåîáõîäèìîå óñëîâèå êîððåêòíîñòè

Èòàê, ÷òîáû çàäà÷à áûëà âû÷èñëèòåëüíî êîððåêòíîé òðåáóåòñÿ ÷òîáû ÷èñëî óñëîâèé

ñëåâà áûëî íå ìåíüøå óáûâàþùèõ âïðàâî ðåøåíèé, è, íàîáîðîò, ÷èñëî óñëîâèé ñïðàâà

áûëî íå ìåíüøå ÷èñëà óáûâàþùèõ âëåâî ðåøåíèé.

Öûáóëèí È.Â. Êðàåâàÿ çàäà÷à 36 / 37



Ñïàñèáî çà âíèìàíèå!

Öûáóëèí Èâàí

e-mail: tsybulin@crec.mipt.ru
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